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Abstract

In this paper we introduce an operational
procedure which, given an avoiding
sure loss (ASL) imprecise probability
assessment P on an arbitrary finite set of
conditional events, determines its ‘least-
committal’ coherent correction, i.e. the
coherent imprecise probability assessment
which reduces the imprecision of ? as little
as possible, without ever increasing it.
Besides, a new proof of the consistency of a
known procedure, which checks the ASL
condition, is supplied by introducing a
technique employed also in the proof of the
previous procedure. It is then shown that
the two procedures can be ‘merged’ to
obtain an algorithm to be used when it is
not known a priori whether P is ASL.

1 Introduction

A basic problem in handling uncertainty in Expert
Systems is that of verifying whether a probabilistic
evaluation < which forms (part of) the knowledge
base is consistent.

In several common situations P is a precise or
imprecise conditional probability assessment on a
set 3 of conditional events, which is finite but
usually arbitrary (3 is not necessarily, for instance,
an algebra); this makes it hard to apply ‘traditional’
definitions of (precise or imprecise) conditional
probability to <, while concepts of consistency
based on de Finetti’s coherence principle are well-
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suited for such instances, since they do not impose
any constraint on the domain of 2. However, while a
unique notion of (precise) coherent conditional
probability is commonly used (although in various
forms: see, for instance, [3], [8], [10]), different
notions of coherence for imprecise probabilities
have been proposed in literature ([2], [9], [11], [14],
[15], [16]); they weaken in various ways the precise
probability coherence condition. So, if P is a
coherent lower probability (2.1.4), it does, for
instance, not necessarily satisfy additivity and
generally obeys only weak forms of the product rule
like P(H)-P(EJH) <P(E A H). Besides, the avoiding
sure loss (ASL) condition recalled in 2.1.3 is even
weaker than 2.1.4 and does not necessarily preserve
several important properties of coherent imprecise
probabilities  (among  these,  non-negativity,
monotonicity, weak product rules). On the other
hand, checking the ASL condition (an algorithm is
given in [2], [6]; see also [7]) requires operationally
fewer computations than checking coherence (an
algorithm is given in [11]). Further, it is also often
simpler for an Expert System user to elicit his/her
opinions through an ASL rather than a coherent
assessment.

A practical problem which may arise is then that of
correcting an ASL assessment on 3 into a coherent
one, without modifying ‘too much’ the initial
assessment. The correction should not increase the
imprecision of the probability assessment on any
event of 3 and at the same time should also reduce
this imprecision as little as possible, just what
suffices to achieve a coherent evaluation.

This kind of correction is the least-committal
imprecise probability defined by (1) in 2.1.7, where
it is also shown that it always exists.



The main aim of this paper is to introduce and
demonstrate an algorithm which finds the least-
committal imprecise probability, starting from an
ASL assessment on 3.

The least-committal probability is also, from the
viewpoint of the theory of imprecise probabilities
developed by P. Walley in [14], [15], a special case
of natural extension, so that the algorithm is a
computational procedure to find the natural
extension of Pon 3.

Section 2 recalls the known definitions and results
from the theory of precise as well as imprecise
probabilities which are needed in the sequel.

A known algorithm for checking the ASL condition
is concisely discussed in section 3. In particular, a
proof of its consistency, different from the existing
ones, is given in 3.4: this introduces some aspects of
the technique which is then employed also for
proving the consistency (4.3) of the algorithm 4.2
for finding the least-committal probability (some
details in the proofs are omitted: refer to [12] for an
exhaustive exposition of similar techniques, applied
to different problems).

Operationally, all the algorithms quoted consist of a
sequence of linear programming (LP) problems. As
shown in 4.4 and in example 4.5, it is then possible
to extend the algorithm 4.2 to handle the case where
it is not known whether the assessment 2 is ASL,
with the purpose of both checking this condition and
finding the least-committal imprecise probability
(this includes checking coherence as well) at the
same time.

2 Preliminaries

2.1 Coherence for imprecise probabilities

We shall consider in the sequel lower imprecise
probabilities P(:I-). The algorithms in sections 3, 4
can be easily modified to deal with upper
probabilities P(:I). A theoretical reason to refer to
lower (or upper) probabilities only is the coniugacy
relation P(EIH)=1-P(EIH), which is often
assumed to hold for various reasons ([11], [14]).

After introducing some notations, we recall firstly a
definition of coherence for precise conditional
probabilities [10], outlining concise comments and
comparisons among it and the notions of coherence
for imprecise probabilities in 2.1.3 and 2.1.4.

2.1.1 Notation

Logical notation will be used for operations and
relations involving events. Particularly, ‘A’, ‘v’ and
‘=’ are used for logical product, sum and
implication of events respectively. E (or —E), &, Q
indicate the negation of event E, the impossible

event and the sure one respectively.

>

[El denotes the random number equal to 1 if the
event E is true, to zero otherwise.

In the sequel, we shall denote with £ an arbitrary
(finite or infinite) not empty set of conditional events.

2.1.2 Definition

P(:I') is a coherent conditional probability on & iff,
Vm, VEHi€ €, Vsie R, i=1,...,m, defining

G =Y, [HI(El-P(E[H)) and H= v™ H,
i=1

it is max GIH =>0.

Defs. 2.1.2, 2.1.3 and 2.1.4 all require a conditional
random number GIH not to be strictly negative. GIH
can be interpreted as the gain a subject can obtain
from betting on an arbitrary finite number of events
in &; the elementary bet on E;H; whose gain is
g = [Hi(IEil = P(E;lH;)) is called off iff IH;|=0. In this
case, g gives a null contribution to G, since the
subject bets on E;IH; with the proviso that H; is true.
In 2.1.2 it is possible to bet both in favour (if s;>0)
and against (if s;<0) any E;H;. Defs. 2.1.3, 2.1.4
modify this betting scheme allowing, respectively,
no bet (2.1.3) or at most one elementary bet (2.1.4)
against an event of €. Corresponding definitions for
upper probabilities may be referred to modified
betting schemes allowing no or at most one
elementary bet in favour of an event of £. See also
[11, [21, [3], [5], [10], [14] for further information on
the notions of coherence for precise and imprecise
probabilities, as well as for other concepts of
imprecise probabilities.

2.1.3 Definition

P(:l) is an avoiding sure loss (ASL) lower
probability on £ iff, Vm, VEHeg&, Vs2>0,
i=1,...,m, defining

G =Y, [HI(El-P(E[H)) and H= v™ H,
i=1

it is max GIH =>0.



2.1.4 Definition

P(:I') is a coherent lower probability on £ iff, Vm,
VEiHie €, Vs;20,1=0,...,m, defining

G= § s; Hil(IEil = P(E;[H;)) — solHol(IEol — P(EolHy))
i=1

and H= vi, H;
it is max GIH >0.

Def. 2.1.3 is that of ‘avoiding uniform loss’ given in
[14], [15], referring to lower conditional previsions.
Def. 2.1.4 is given in [16] for upper conditional
previsions.

To adhere to the problems discussed in the paper,
from now onwards (except for 2.2.5) we shall
consider assessments given on a finite set of events
3 = {EllHl,. . .,En|Hn}.

In this framework, 2.1.5 and 2.1.6, whose proofs can
be found in [2] and in [11] or [16] respectively, state
conditions equivalent to 2.1.3 and 2.1.4. A definition
equivalent to 2.1.3, based on the dominance
condition in 2.1.5, is given in [6].

2.1.5 Theorem

P(:I) is an ASL lower probability on 3 iff there
exists a coherent conditional probability P(:l-)
dominating P(-) on 3, i.e.

E(EllHl) < P(EllHl) VEilHiE 3.

2.1.6 Lower envelope theorem

P(:-) is a coherent lower probability on 3 iff there
exists a set M of coherent conditional probabilities
on S such that

E(EllHl) = {)nlj&l {P(EllHl)} VEilHiE 3.

2.1.7 Proposition

Let P(-I-) be an ASL lower probability on 3. Let 9 be

the set of the coherent probabilities defined on S and
dominating P. Then,

(1) P¥EH)= min {P(EIH)} VEIHe3

is a coherent lower probability dominating P.
Moreover, every coherent lower probability
dominating P on 3 dominates P*.

Proof P* is coherent by 2.1.6 and obviously
dominates P. Let P' be a coherent lower probability

dominating P on 3. By 2.1.6 there exists a set of
coherent conditional probabilities M such that
P'(EiH;) = {)nlj\l/ll {P(E/H;)} VEiHie 3. Clearly, Mc @

and so P*(E{lH,) <P'(E{H;) VE/H,e 3. n

Given an ASL lower probability P on 3, (1) defines
the least-committal lower probability P* (see also
[13] for other applications of the concept), which
can be interpreted as the minimal coherent
correction of P that dominates P on 3. Since the
dominance condition is necessary to avoid
increasing the degree of imprecision when
modifying P, determining P* on 3 is a natural way
of correcting P.

It can be seen that the least-committal lower

probability P* is the natural extension on 3 (as
defined in [15]) of the ASL lower probability P.

2.2  Some subjective probability results

As appears from 2.1.5, 2.1.6, results on precise
coherent probabilities may be relevant in problems
concerning imprecise probabilities. In particular, a
characterisation theorem for coherent conditional
probabilities (introduced in [4]) is recalled in 2.2.4
in a simplified version (proved in [5]).

2.2.1 Definitions

Symbol 2 is used to denote a partition of . The not
impossible events of 2 are called atoms. Given 2
and an event K# O, the conditional partition PIK is
formed by the events of 2 conditioned on K, i.e. the
atoms of PIK are obtained by the atoms of 2 still
possible after conditioning on K.

We say that an event E (EIK) is logically dependent
from 2 (PIK) if every atom of 2 (PIK) implies either
E (EIK) or E (EIK). This happens iff E (EIK) is a
logical sum of atoms of 2 (PIK).

Given 2, a partition 2’ is said coarser than 2 if
every atom of 2’ is logically dependent from 2.

AP) (APIK)) is the set of all events logically
dependent from 2 (PIK). We set also
A°(P) =AP) —{D}, #°(PK) = APK) - {DIK} and
AP)4°(P) = {EH : Be AP) , He #°(P)}.

2.2.2 Definition

Given a finite partition 2, a triple (P',>,{7.(-)}ccp) is



a weight system on P if

— P'is a partition coarser than 2;

— >is atotal order on 2’

— every T.(-) (weight function) is a positive real-
valued function defined, up to a constant factor,

on the set of the atoms of 2 which imply C; m.(e;)
is called weight of e;.

2.2.3 Definitions

Let (P',>,{7.(-)}ce») be a weight system on 2 and let
e;, ¢j be atoms of 2. Then, e;, e; have weights of the
same order if they imply the same Ce 2'. Instead, ¢;
has weight of higher order than that of e; if &;= C,
eg=D (C,De?) and C>D. If Ee#°(P), E*
denotes the logical sum of the atoms of 2, among
those implying E, with weight of highest order.

The sum function o(E) is the sum of weights of the
atoms implying E*. Obviously, it is o(E) = c(E*).
Conventionally, 6(<) =0.

2.2.4 Characterisation theorem

Let 2 be a finite partition. P(:l) is a coherent
conditional probability on AP)AZ(P) iff there
exists a (unique) weight system on 2 such that

o(E A H¥)

P(EIH)= VEe A4(P), VHe #°(P).

Finally, the following Thm.2.2.5 [10] allows to
extend any coherent conditional probability.

2.2.5 Extension theorem

Any coherent conditional probability on a not empty
set £ of conditional events can be extended to a
coherent conditional probability on any superset of €.

3 An algorithm for checking the ASL
condition

It is useful for understanding the final procedure in
4.2 to discuss briefly a known algorithm for
checking the ASL condition for an imprecise
probability assessment.

3.1 Definitions

Let P be a lower probability assessment on

S = {EllHls- . -,Eann}, E(EllHl) =4, 311 c 3

Define then @ (9,) as the set of all coherent
conditional (precise) probabilities dominating P on
3 (on 3), and, for EJH,e 3 (€3)),

m,= min {P(E[H,)} (m," = min {P(E[H)}).
P e,

By 2.2.5, it is not restrictive to consider the
probabilities in ¥ ($,) on an arbitrary domain which

includes 3 (3.
Define 2 as the partition whose atoms are the not
impossible logical products obtained developing the

expression A, [(EiAH) Vv (E; AH;) v H;]. Note that
3 cAP)#7(P).

Let I; ={1.....n}, K;=Vie; Hi. If K, #, then K| is
an atom of 2; we call ey,...,e, the remaining atoms

of 2. Define then Ji={j:ei=K;}={1,....m},
S():S,g)(J:@.

The function 8(E=F) is equal to one if E=F
holds, to zero otherwise.

3.2 Checking the ASL condition
Step h (first step: h=1)
Consider the linear system (Sh):

D x;8(e; = E; AH)—a, ) x;8(c; = H,) 20,

j€ly €y
(Sh) <foriel,;

D x;=Lx;20 (je],)

j€ln .
If (Sh) has no solution, P is not ASL.
If (x;(h))je I is a solution for (Sh), since (xj(h));e I is a
non-negative vector whose components sum up to
one, it is also a coherent probability P, on the
conditional partition 2K, putting Py(¢;|Ky) = x;(h).
As well known, Py has a unique coherent extension
on every E|K,e4A2|K;) by additivity. Then, also
observing that for ;= K;, and E = K, it is
(2 3(ej|K, = E|Ky) = 6(e; = E),
we have Py(E|[Ky) = Zjcj, xi(h)d(e; = E).
Referring to the solution found for (Sh), define
then Iy = {iel;: Pi(HjKp) =0}, Kpy= Vielh+lHis
= {jeh: = K}, Sn={EiH;: Hi= K. }.
We define also K" =v{eie 2: Py(e;|Ky) >0}, which
will be used in 3.4 (c). Note that K,"#J,



Kh+/\Kk=® if h<k, Kh+/\Kk+=®ifh¢k.

If Ky,.1 =9, the procedure terminates and P is ASL;
otherwise continue with step h+1.

3.3 Remarks on system (Sh)

(a) If Pne Py, then Pi(gi|Ky), jeJn, is a solution for
(Sh).

In fact, recalling (2), the i-th inequality in (Sh) may
be written in terms of Py, as

(3) Py(E; A HilK}) — aPr(Hi[K}) 2 0,

and (3) holds either trivially (if Pp(H;|K;) =0) or else
because of the following sequence (where the
relation H;= K, and the product rule are also
exploited):
a; = P(Ei|H;) < Py(EilH;) = Pu(Ei[Hi A Ky) =
_ P (E; AH; [K})

P,(H, |K,)

The conclusion follows.

(b) Note also that (3) cannot hold trivially for all
il (Ph(vieIhHilKh) =Pu(Ki|Ky) = 1); Iy is precisely
the set of all iel; such that the i-th inequality is
trivially (0—a;-020) verified by the solution found
for (Sn). It is easily seen that the inequalities in

system (Sh+1) are then a proper subset of the
inequalities of (Sh).

3.4 Algorithm consistency

This algorithm is discussed from various viewpoints
in [2], [6], [7]. We give here a different proof of its
consistency, which will be useful in the next section.
Precisely:

(a) the algorithm terminates in a finite number of
steps.

In fact, the number of inequalities in the first row of
(Sn) is finite (n for h=1) and strictly decreasing as h
increases, by 3.3 (b).

(b) If the last system (St) is incompatible, P is not
ASL.

In fact, by 3.3 (a) the set 9,_; is then empty, and so is
also 9 < P, (3.1). Then P is not ASL by 2.1.5.
(¢) If the last system (St) is consistent, P is ASL.

To prove this, it is sufficient to determine a coherent
conditional probability P* which dominates P on 3
(2.1.5) and is defined on AP)#°(@) (>3). By
224, we can assign P* by means of its weight

system, defined as follows:

- ?'={K/",....K",\D}, D==(v,_ Ky"). It is easy to
verify that 2'is a partition;

- Ki*>...>K/>D;

— mu(e) =x(h), Ve e = Ky', h=1,....t; T arbitrary
and positive.

It is not difficult to see that, given P* just defined,
choosing arbitrarily E,|[H,€3 there exists (a unique)
h such that H* = K;*; moreover, given Ee4?),

the following equality holds (¢ is the sum function
(2.2.3) of P*):

“) o(EAHX) =X Jhxj(h)ﬁ(ej =EAH)).

Then, applying 2.2.4, (4) twice (for E=E,, E=H,)
together with 6(H,*) = 6(H,), and the r-th constraint
in (Sh), we get:

o(E, AH,% _

oH,)
= [Zjes, xi()3(e; = B, AH)]/ [Siey, xi()3(e; = H)] >
2a,= B(ErlHr)

Hence P*>P. |

P*(ErlHr) =

3.5 Remarks

(a) It has been proved in the final part of 3.4 (c) that
the probability P* dominates P on 3. Further, it is
easily seen that the restriction of P* on 2|K; is the
solution found for (S1): P*(¢jIK;) = x;(1) = Py(gjIK,).
It follows from these two facts that, if P is ASL, any
solution of (S1) is a probability on Z|K; which can
be always coherently extended to a probability
dominating P on 3.

An analogue conclusion may be drawn for the
solutions of system (Sh). In fact, by applying the
same argument of 3.4 (c) to a sequence of systems
starting with (Sh) instead of (S1), we determine a
probability P,* on AP)\A%(P) dominating P on 3;,_,.
Further, it is Py*(gjlKy) = x;(h) = Py(gilKy).

It follows that, if P is ASL on 3;_;, any solution of
(Sn) can be always extended to a probability
dominating P on 3y,_;.

(b) If P is ASL, a solution for system (Sh) can be
found operationally by optimising a linear function
f, subject to (Sh). The choice of f has a crucial
importance in the procedure 4.2 for finding the least-
committal lower probability, because of the



additional probabilistic information it gives us.
Observe for this that if =X, Jhxjﬁ(ej =E), Ee 4?),
E = K, by minimising f subject to (Sh) we obtain
min f =min P,(E[K},), where the minimum is over all
coherent probabilities P, dominating P on 3;_; (3.3
(a), 3.5 (a)).

(¢) Let EH, be an event of 3;_;. We shall consider
in section 4 the following system

Z:ij(ej =E; /\Hi)—aiZ:ij(ej =H,)=0,

j€ly €l
(Th) <foriel,;

D> x;8; =>H,)=1x;20(je],)

j€ln
Every solution (xj(h));e 5, of (Th) corresponds to a
solution (xj(h)/k)jejh, k=ZjeJhxj(h), of (Sh) and it is
therefore proportional to a probability Py
(xij(h) =kPy(gjlKy), Vjely). By the normalisation
constraint in (Th), Py,(H/K}) is strictly positive:
Pu(H/Ky) = Xje JhPh(eleh)S(ej = H,)=1/k>0. Clearly,
P, can be extended, by 3.5 (a), to a probability
dominating P on 3y, ;.

4 From ASL to least-committal probabilities

Suppose now that P is ASL. To find its least-

committal coherent correction on 3, by 2.1.7 we

have to find m,= rlr)lin {P(E{JH))}, for r=1,...,n. The
P

following proposition solves the problem in a special
case.

4.1 Proposition

Let P be an ASL lower probability assessment on
341 (the notation is as in sect. 3). Consider the
linear programming (LP) problem (Ph):

(Pn) W™ =minX; 1,X(ej = H,), subject to (Sh).

If u,™>0, then m™™" (3.1) is the solution of the
following auxiliary LP problem (An):

(An)  m"V=min X 1,X0(e;= E; A H,), subject to

(Tn).

Proof It ensues from 3.3 (a) and 3.5 (a) that the
solutions of system (Sh) correspond to all
probabilities of %,_;.

It ensues from an argument similar to that of 3.3 (a)
that every probability belonging to the set

Pt = {Pre Pur: Pu(HK,) >0} is proportional to a
solution of system (Th) and from 3.5 (c) that every
solution of (Th) is proportional to a probability of
Put”. Given a solution (xj(h));c A for (Th), it is then,

Vje In, xj(h) = kPy(ej[Ks), k= Eiej xi(h), Pne Tt

When the ‘if’ condition in the hypothesis of this
proposition holds (that is, by 3.5(b), when
Pu(HK}) >0 VPue 9), it is Py = Py, so that also
the solutions of (Th) identify all P,e %,_;.

Therefore, for each P,e 9,1, the summations in (Th)
may be written as:

Y JhXj(h)S(ej = E; AH,) =kPy(E; A H{K}),
Zjes, xj()d(e; = Hy) = kPh(H[Ks).

From this, relation H; = K}, the product rule and the

normalisation constraint in (Th) we get:

P.(E, AH |K,)
P,(H,IK,)

=[Xe Jhxj(h)ﬁ(ej =E.AH)]/ [ Jhxj(h)S(ej =H)]=

=X Jhxj(h)?)(ej =E,AH).

Py(E(|H,) = Py(EJH, AKy) =

It ensues that solving the LP problem (An) we
determine m," V. [ |

By applying 4.1 with h=1, if the solution of the LP
problem (P1) is such that min Zjejlij(ej:Hr)>O,
i.e. Pi(HJK,)>0, VP,e % =9, it is possible to find
m,=m,” by solving the LP problem (Al).
Otherwise, the procedure continues as shown in 4.2.

4.2 Finding the least-committal lower

probability

We describe now a general procedure for finding the
least-committal lower probability P* for P,
supposing that P is ASL. It determines
m,=P*(EH,) for each E|H,. Clearly, P*=P iff P is
coherent.

Step h (first step: h=1)
Find a solution for the LP problem (Ph) (4.1):

(Pn) @™ =min X 1,X0(e; = H,), subject to (Sh).

If 1, >0, then m, is the solution of the LP
problem (An) (4.1):

(Ah) m,=min X Jhxjﬁ(ej = E; AH,), subject to (Th).



If W™ =0, and x(h)=Py(¢|Ky), j€ I, is the
solution found for (Sh) in problem (Pn), define, as
in 3.2, I, ={iely: Py(HiK,)=0}, Kh+l=vielh+lHis

Jhe1 = {j€ Jn: = Kpi1 }, and continue with step h+1.

4.3 Algorithm consistency theorem

Let P be ASL on S. Algorithm 4.2 determines
m, =P*(E,|H,) VE|H,eS.

Proof 4.2 terminates in a finite number of steps. In
fact, since the sequence {K;} is strictly monotone
and decreasing (because so is the sequence {I;} by
3.4 (a)) and H, = K, holds for each problem (Pn),
the stopping condition p;, >0 (i.e. min Py(H,|K}) > 0)
is sooner or later met.

At the last step s, by 4.1, the algorithm determines
m,“". The case s =1 is trivial. Suppose then s > 1.
Clearly, it is m*"<m,, since each probability
dominating P on 3 dominates P on 3 ;.

Hence the thesis is proved if we can find P, *e 9 such
that P*(E,JH,) = m,“". To do this, by 2.2.4, we can
assign the weight system of P.* on the partition 2,
thereby defining P.* on ;4(?)[;4@(?) (> 9). Calling
(Xi(8))je i the solution found for system (Ts) in the LP
problem (As), complete for this the sequence of
solutions for systems (S1),...,(Ss-1) by assigning to
system (Ss) the solution (yj(s))je I, obtained by
multiplying each component of (Xi(s))es, by
17%ie) Xj(s). (S1),...,(Ss) is a particular subsequence
in the procedure for checking the ASL condition for
P; let us complete it in the way described in sect. 3,
if necessary (i.e., if K, #J), getting in this way a
sequence of solutions for (S1),...,(St) (t=s).
Referring to this sequence, define the weight system
of P* as in 3.4 (c) (so that, for instance,
2'={K,",....K{",D}; the only difference is that m(e;)
is equal to yj(s) instead of x;(s)).

In order to prove that it is

Pr*(ErlHr) = 1’nr(kU = Z:je JSXj(S)a(ej =E A Hr)
note firstly that by construction H* =H, AK," and

that, given Ee 4(?), the following equality, analogue
of (4) in 3.4 (c), holds (o is the sum function of P *):

4" o(EAH*) = Ejejsyj(s)ﬁ(ej =EAH)).

We obtain now the following equalities (in the
fourth, apply (4') twice, for E=E, and E=H,):

m = %ie %,(5)8(e; = E; A H) =

= [Zje1 Xi(5)8(ej = E: AHD1/ [Eje Xi()8(ej = H)] =
= [Zje) yi(5)8(e; = Ec AT/ [Eiey y(9)8(e; = H)) =
_ O, AH™)

=P *(E[H)). u
o(H,) (EdH,)

4.4 An operational generalisation

In order to apply 4.2, it is assumed that P is ASL.
Nevertheless, when this is not known a priori it is
possible to run one procedure (‘merging’ 3.2 and
4.2) which both checks the ASL condition for P and
finds its least-committal lower probability, thereby
verifying also whether P is coherent (therefore, it
improves the algorithm for checking coherence
introduced in [11]).

Refer for this to EJH,€3 and operate as follows at
each steph (h=>1):

h.a) consider problem (Pn) in step h of 4.2. If (Pn) is
infeasible, P is not ASL and the procedure
stops; otherwise define Iy, Kpyq, Jpey as in 4.2,
both when 1, = 0 and when p,® > 0;

h.b.1)if 1" =0, go to step h+1.a);

h.b.2) if 1" >0 and K, =@, P is ASL on 3; solve

then (An), whose solution is P*(E,[H,);
h.b.3) if 1. >0 and K, # &, execute from step h+1
onwards the procedure 3.2;
— if doing so a system is incompatible, P is
not ASL on 3;
— if all systems are consistent, P is ASL on
3; in this case, solve (An) to find P*(EH,).

If the above procedure states that P is ASL, execute

4.2 for all EjHie3, E{H; #EH,, finding P*, which

is equal to P if and only if P is coherent.

4.5 An example

Given the partition 2={e,, e,, €3, €4} and the events
E=e;ve,ves, F=¢, ves,, H=¢e,ve,Vve; consider
the assignment P(FIEAH)=1/3, P(EH)=3/4,
P(FIH)=1/2, P(FIE)=1/2. Since we do not know
whether P is ASL on 3 ={FIEAH,EIH, FIH, FIE},
let us apply 4.4, starting from FIE A H:

1.a) Problem (P1) is

u" =min (x; +x,), subject to



X, —1/3(x, +x,)20

X, + X, =3/4(x, +X, +x5)20
X, —1/2(x, +x, +x5)20

X, +x, —1/2(x; +X, +x,) 20

X;+X, +X3+x, =1, x;,20(=1....4)

1.b.1) Since p”"=0 (obtained for x;=0 (j#4) and
x4=1), we pass to step 2.a), observing that
K2=61\/62\/e3.

2.a) Problem (P2) is

u® =min (x, +X,), subject to
X, —1/3(x, +x,)20
X, +X, =3/4(x; +X, +x5)20
X, —1/2(x, +x, +x5)20

X, +X, +X5 =1, X >0(=123)

2.h.2) Since pu®=3/4 (obtained for x;=1/2,
X, =x3=1/4) and K;=&, P is ASL. To find
P*(FIE A H) we solve the following problem (A2):
m"" = min x,, subject to

X, —1/3(x; +x,)20

X, +X, = 3/4(x, +X, +x5)20

X, —1/2(x; +x, +x5)20

X, +%x, =1, %, 20 (j=123)

We obtain (for x;=x,=1/2 and
m'” =P*(FIE AH) = 1/2 >P(FIE A H).

By applying 4.2 to the events of 3'=3 —{FIE AH},
it can be verified that P*=P on 3'. Therefore, we
conclude that P is not coherent on S and we must

raise our evaluation on FIEAH from 1/3 to 1/2 in
order to achieve coherence.

x3=0)
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