Least Integral-Squared Error
Design of FIR Filters

Let H, (ej ®) denote the desired frequency
response

Since H ;(e’™) s a periodic function of m
with a period 2, 1t can be expressed as a
Fourier series

H ()= Shy[nle™ "

where

T .
hd[n]=L [ Hye!)e!" dw, —o<n<x

Zn_ﬂ
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Least Integral-Squared Error
Design of FIR Filters

» In general, H ;(e/®)is piecewise constant
with sharp transitions between bands

- In which case, {4,[#]; is of infinite length
and no

Objective - Find a finite-duration {ht.[n]
of length 2M+1 whose DTFT H,(e/®)
proximates the desired DTFT H ; (e’ )4
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Least Integral-Squared Error
Design of FIR Filters

e Commonly used approximation criterion -
Minimize the integral-squared error

1 JT

d=
Zn_fn

. : 2
H,(e/®) -Hd(ef‘”)\ do

where

. M .
H,(e””)=" Y h[nle”™
n=—M
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Least Integral-Squared Error
Design of FIR Filters

 Using Parseval’ s relation we can write

®= S hn]-hyln]

n=]\—400 7 -M-1 ) 00 )
= Shlnl-hyn]"+ 3 hiln]+ 3 hiln]
n=—M N=—00 n=M +1

e [t follows from the above that @ 1s

minimum Whelll h[n]=hn] for—-M=<=n=<=M

« = Best finite-length approximation to ideal
infinite-length impulse response in the
,  mean-square sense 1s obtained by truncation
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Least Integral-Squared Error
Design of FIR Filters

* A causal FIR filter with an impulse response
h[n] can be derived from 4 [n] by delaying:
hinl=h|n-M]
* The causal FIR filter A#[n] has the same
magnitude response as /,[#n] and its phase

response has a linear phase shift of wM
radians with respect to that of 4,[#]
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Impulse Responses of |deal

Filters

 Ideal lowpass filter -

H p(e ™)

1

hy pln]=

-

—me 0 e

T

sin@.n
— 0 <N <®©

 Ideal highpass filter -

Hp ()

1

hypln] = -

an

0

W
=, 7

sin(w,.n)

s n=0
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Impulse Responses of |deal
Filters

 Ideal bandpass filter -

Hpp ()

hgpln] =

H

=T 2 el

Jtn

‘sin(w,,n)  si(w, 7)

N

b

n=(Q

n=_0
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Impulse Responses of |deal

hpsln] =

Filters
 Ideal bandstop filter -

Hys (& Joo )

sin(w,n) sin(w_.,n)

tn

N

, n=0
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Impulse Responses of Ideal

Filters
e Ideal multiband filter -
Hyp (/) = 4,
114 - Wy _] <0< Wy,

Sln W n
Ry 7 E(Af App1)- ( L)
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Gibbs Phenomenon

* (Gi1bbs phenomenon - Oscillatory behavior 1n
the magnitude responses of causal FIR filters
obtained by truncating the impulse response

coefticients of 1deal filters see sides 3.1 x

1.5, ~ ~ ~ : | about mean-square
— N=20 convergence of the
DTFT

Magnitude

0 02 04 06 08 I
0/TT
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Gibbs Phenomenon

* (Gibbs phenomenon can be explained by

treating thecruncatiooperation as an
peration:

W nl=hyln] - win]

* In the frequency domain

: T : :
H, (™) =, [Ha(e'")W(/")dg
—7

 where H,(e’") and W(e’?) are the DTFTs
of h[n] and wln], respectively

14
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Gibbs Phenomenon

e Thus H (e ®)is obtained by a periodic

continuous convolution of H ;(e/®) with

] (1)
11’ (e Hd( J®) .
W(eJ(@-0)
W(e J(OHP)) o()i< (o<1t)
¢

—n —03 -t  —0c c n
. P (eJ(0-9))
EJ P (e (O-9)) m\/ O<o<ec
0=0¢
(p LW W.W. Av vl\vn \W (P
ot e LA
-T  —O¢ W¢ n -t —Oc ¢ L
(@) _
Hy(eJ®)
| Y
——— AN
-t o | o~ L
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Gibbs Phenomenon

« If W(e/®)is a very narrow pulse centered at
w = 0 (1deally a delta function) compared to
variations in H ;(e’®), then H,(e’®) will
approximate H ;(e’®) very closely

. 2M+1 of w[n] should be Very

* On the other hand, length 2M+1 of A,[#]

should be asas possible to reduce
computational complexity
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Gibbs Phenomenon

« X rectangular window is used to achieve

simple truncation:
1, O=< \n\ <=M

wgln] = .
K 0, otherwise

* Presence of oscillatory behavior in H t(ej “)
1s basically due to:

— 1) hy[n] is infinitely long and not absolutely
summable, and hence filter 1s unstable

— 2) Rectangular window has an abrupt transition

{0 zero
17

16
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Gibbs Phenomenon

* Oscillatory behavior can be explained by
examining the DTFT Wx(e’™) of wg[n]:

Rectangular window
30

1—main lobe

1~ side lobe

Amplitude

e 05 0 05 1
/T

- W, (ej m) has a main lobe centered atw =0

. Other ripples are called sidelobes

Copyright © 2010, S. K. Mitra
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Gibbs Phenomenon

Rectangular window has an abrupt transition
to zero outside the range — M =n < M, which
results in Gibbs phenomenon in H,(e’®)

G1bbs phenomenon can be reduced either:

(1) Using a window that tapers smoothly to
zero at each end, or

(2) Providing a smooth transition from
passband to stopband in the magnitude

specifications

Copyright © 2010, S. K. Mitra
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Fixed Window Functions

Using a tapered window causes the height

of the side]
corresponc

width resu

Hann:
wln]

Hamming:

obes to diminish, with a

ing increase in the main lobe
ting 1n a wider transition at the
discontinuity

"raised cosine" windows

:O.5+O.5c:os(% , —M<nM

w[n]=0.54 + 0.46008(%1 —M<n<M

Blackman:
wln]=0.

42 + 0. SCos( ™ +o0. 08008(27”’

—M<n<M Copyright © 2005, S. K. Mitra
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Fixed Window Functions

* Plots of magnitudes of the DTFTs of these
windows for M = 25 are shown below:

Rectangular window
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Fixed Wi

ndow Functions

Magnitude spectrum of each window
characterized by a main lobe centered at

o = 0 followed
decreasing amp!

oy a series of sidelobes with
1tudes

Parameters prec

1cting the performance of a

window 1n filter design are:
Main lobe width
Relative sidelobe level
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Fixed Window Functions

* | Main lobe width A, |- given by the
distance between zero crossings on both
sides of main lobe

| Relative sidelobe level A, + given by the
difference 1n dB between amplitudes of
largest sidelobe and main lobe

Copyright © 2005, S. K. Mitra
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Fixed Window Functions

H(e/®)
148 :\\\\l\\ _}\1 : Hy(el®)
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» Observe H,(e/(®ct20)) 4 H (e/(QcA0)) ~ ]
 Thus, H,(e’*)=0.5
» Passband and stopband ripples are the same
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Fixed Window Functions

* Distance between the locations of the
maximum passband deviation and minimum
stopband value = A,;,;

 Width of transition band
Av=0;-0, <A,

Copyright © 2005, S. K. Mitra
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Fixed Window Functions

* To ensure a fast transition from passband to

stopband, window should have a very small
ain lobe width

* To reduce the passband and stopband ripple
S, thearea under the s@should be
very small

» Unfortunately, these two requirements are
contradictory

Copyright © 2005, S. K. Mitra
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Fixed Window Functions

* In the case of rectangular, Hann, Hamming,
and Blackman windows, the value of ripple
does not depend on filter length or cutoff
frequency ., and 1s essentially constant

* In addition,

Ao~ C

M
where c 1s a constant for most practical
purposes

Copyright © 2005, S. K. Mitra
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Fixed Window Functions

* Rectangular window -A,,; =4n/(2M +1)
A, =13.3dB, o, =20.9dB, Aw=0.92n/ M

* Hann window - A, , =87/(2M +1)
A, =315dB,a,=43.9dB, Aw=3.11n/M

 Hamming window - A;,; =8n/(2M +1)
A, =42.77dB, a,=54.5dB, Aw=3.32n/M
« Blackman window - A;,; =127/(2M +1)

A, =58.1dB,a, =75.3 dB, Aw="5.56n/ M
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Fixed Window Functions

* Filter Design Steps -
(1) Set
o, =(0, +0,)/2
(2) Choose window based on specified o

(3) Estimate M using

Amzi

M
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FIR Filter Design Example

« Lowpass filter of length 51 and ®, =7/2
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Lowpass Filter Designed Using Hamming window

o/rt

Lowpass Filter Designed Using Blackman window

o/t

Lowpass Filter Designed Using Hann window
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