Analog Lowpass Filter
Specifications

* Magnitude specifications may alternately be
given 1n a normalized form as indicated
below

|Ha(fQ_)|
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Analog Lowpass Filter
Specifications

* Here, the maximum value of the magnitude
in the passband assumed to be unity

e 1/+/1+ &*- Maximum passband deviation,
given by the minimum value of the
magnitude in the passband

1
A

- Maximum stopband magnitude
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Analog Lowpass Filter Design

» Two additional parameters are defined -

(1) Transition ratio % = Q_P

A)

For a lowpass filter £ <1

£
(2) Discrimination parameter k, =
JA -1

Usually £, <<1
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Butterworth Approximation

* The magnitude-square response of an N-th
order analog lowpass Butterworth filter
1s given by

1
1+(Q/Q,)*"

o First 2N —1 derivatives of H,( jQ)\2 at Q=0
are equal to zero

H,(jO) =

* The Butterworth lowpass filter thus 1s said
to have a maximally-flat magnitude at Q=0
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Butterworth Approximation

 Typical magnitude responses with Q2 =1

Butterworth Filter

£ 0.6
oY)
S04
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Butterworth Approximation

* Two parameters completely characterizing a
Butterworth lowpass filter are 2, and N

* These are determined from the specified
bandedges Q and QQ_, and mlmmum
passband magmtude I/J 1+ &2 and
maximum stopband ripple l/A
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Butterworth Approximation

o .and N are thus determined from

B 1 1
H (i) = _
Ha(72,) 1+Q, /07" 1+

H,(jQ,)" = 1 .

* Solving the above we get

N=l. loglo[(A2 -1)/&°] _log,(1/k)
2 log)(£2,/€2,) log;((1/k)

11
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Butterworth Approximation

* Since order N must be an integer, value
obtained 1s rounded up to the next highest
integer

* This value of N 1s used next to determine €2,
by satisfying either the stopband edge or the
passband edge specification exactly

* [f the stopband edge specification 1s
satisfied, then the passband edge
specification 1s exceeded providing a safety
margin
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Butterworth Approximation

» Transfer function of an analog Butterworth
lowpass filter 1s given by

N N
Ha (S) — C — - QC ; — - QC
Dy(s) ¢V 43V d,s" I (s—p,)

where
P, =Qe j[ﬂ(N+2€—1)/2N], 1</<N

* Denominator D, (s) 1s known as the
Butterworth polynomial of order N

13
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Butterworth Approximation

« Example - Determine the lowest order of a
Butterworth lowpass filter with a 1-dB cutoff

frequency at 1 kHz and a minimum attenuation of 40
dB at 5 kHz

e Now 1
l+¢

which yields &% =0.25895
and 1
which yields 4° =10,000
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Butterworth Approximation

2
 Therefore ;:JA8_1=196.51334
1

Q
and 11€= > =3

QP

e Hence

N =1080/k) _ 35004
log,,(1/k)

e We choose N=4
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Chebyshev Approximation

» The magnitude-square response of an N-th
order analog lowpass Type 1 Chebysheyv filter

1s given by
2 |
H (s) =
Ha(s) 1+ T (Q/Q,)
where Ty, (€2) 1s the Chebyshev polynomial
of order NV:
i =
<
T, (Q) = cos(V cos f)), Q<]
cosh(Ncosh " Q), [Q>1

TD (33) =1
Ti(z) ==z Copyright © 2010, S. K. Mitra
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Chebyshev Approximation

» Typical magnitude response plots of the
analog lowpass Type 1 Chebyshev filter are

shown below
Type 1 Chebyshev Filter

= 0.6/
&0

= 0:4
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Chebyshev Approximation

 If at QQ=CQ_ the magnitude 1s equal to 1/4,
then

. I 1
‘Ha(]QS)‘zz — 5
1+&°Ty(Q,/Q,) A

* Solving the above we get
N cosh™ (W A4*=1/¢) _ cosh™(1/k,)
cosh™(Q,/Q )  cosh™ (1/k)

* Order N 1s chosen as the nearest integer
greater than or equal to the above value

18
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Chebyshev Approximation

» The magnitude-square response of an N-th
order analog lowpass Type 2 Chebyshev
(also called inverse Chebyshev) filter 1s
given by

| |
H,(jQ)’ =

2_TN(QS/Qp)_
| Ty (€2, 782)

where 7y, (€2) 1s the Chebyshev polynomial
of order N

1+ ¢
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Chebyshev Approximation

* Typical magnitude response plots of the
analog lowpass Type 2 Chebyshev filter are

shown below

Type 2 Chebyshev Filter

= 0.6/
&0

= 0:4
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Chebyshev Approximation

* The order N of the Type 2 Chebyshev filter
1s determined from given ¢, Q. and A
using

N cosh™' (4> =1/¢) _ cosh™ (1/k,)
cosh™(Q,/Q )  cosh™ (1/k)

e Example - Determine the lowest order of a
Chebyshev lowpass filter with a 1-dB cutoff
frequency at 1 kHz and a minimum attenuation of

40 dB at 5 kHz -
N — cosh™'(1/k,)
1 cosh™'(1/k)

=2.6059
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Elliptic Approximation

The square-magnitude response of an
elliptic lowpass filter 1s given by

1
1+ &°Ry(Q/Q)
where R, (€2) 1s a rational function of order

N satistying R, (1/Q) =1/ R, (Q), with the
roots of 1ts numerator lying in the interval

H,(jQ) =

0< Q<1 and the roots of 1its denominator
lying in the interval 1 <Q <
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Elliptic Approximation

* For givenQ) ,, Q, g, and 4, the filter order

can be estimated using
N = 2 log,((4/k))

 log;o(1/ p)

where k'=J1—k2
Dy = 1-VEK'
Y21+

p=py+2(p) +15(py)” +150(p,)"
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Elliptic Approximation

* Typical magnitude response plots with QQ =1
are shown below

Elliptic Filter

= 0.6/
&0

= 0:4
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Design of Analog Highpass,
Bandpass and Bandstop Filters

» Steps involved 1n the design process:

Step 1 - Develop of specifications of a
prototype analog lowpass filter H; p(s)
from specifications of desired analog filter
Hp(s) using a frequency transformation

Step 2 - Design the prototype analog
lowpass filter

Step 3 - Determine the transter function Hp, (i)
of desired analog filter by applying the
inverse frequency transformation to H;p(s)
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Design of Analog Highpass,

Bandpass and B

andstop Filters

* Let s denote the Laplace transform variable

of prototype analog |

owpass filter H;p(s)

and § denote the La;

place transform

variable of desired analog filter Hp(S)

* The mapping from s-domain to §-domain 1s
given by the invertible transformation

s =F($)
e Then Hp(8)=H;p (S)\S=F(§)

H;p(s)= Hp

($)

§=F"'(s)
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Analog Highpass Filter Design

» Spectral Transformation:

O Q normalized version:
g = pA p S — 1/§
S

where € , 1s the passband edge frequency of
H;p(s) and O » 18 the passband edge
frequency of H gp($)

* On the 1imaginary axis the transformation 1s

30
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Analog Bandpass Filter

Design | |
: normalized version:
» Spectral Transformation a9 .
2 . A2 ="+ 1)/s
§°+ Q7

s =0

P8(Q,,-Q,)
where € is the passband edge frequency
of H;p (s) and €2 prand Q p2 are the lower

and upper passband edge frequenc:les of
desired bandpass filter H gp(S)

34
34
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Analog Bandpass Filter

Design

* Stopband edge frequency + Q) 1s mapped
into € ; and + Q) , , lower and upper

stopband edge frequencies

e Also,
A 2 A A A A
QO = QpIQpZ — QSIQS2

Geometric
symmetry of
the passband

 If bandedge frequencies do not satisty the
above condition, then one of the frequencies
needs to be changed to a new value so that

the condition 1s satisfied
37
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Analog Bandstop Filter Design

* Spectral Transformation
) (QSZ - Qsl)

s =0 -
§°+ 02

\)

normalized version:

s=35/(5°+1)

where Q_ 1s the stopband edge frequency
of H; p(s), and Q. and Q. are the lower
and upper stopband edge frequencies of the

desired bandstop filter H z¢($)
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Analog Bandstop Filter Design

* On the imaginary axis the transformation 1s

A

QB
Q2 - o2
where B,, =€, —Q; is the width of

stopband and €, is the stopband center
frequency of the bandstop filter

Q=0

* Stopband edge frequency + € 1s mapped

into TQand +Q,, lower and upper
stopband edge frequencies
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