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Table 5.1:Table 5.1: DFT Properties: DFT Properties: 
Symmetry RelationsSymmetry Relations
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Table 5.2:Table 5.2: DFT Properties: DFT Properties: 
Symmetry RelationsSymmetry Relations
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Table 5.3:Table 5.3: DFT TheoremsDFT Theorems
Theorems Length-N Sequence N-point DFT
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Operations on FiniteOperations on Finite--Length Length 
SequencesSequences

• Consider the length-
 

sequence [ ] 
defined for

• Its sample values are equal to zero for n < 0 
and

• A time-reversal operation on [ ] will result 
in a length-

 
sequence           defined for
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Operations on FiniteOperations on Finite--Length Length 
SequencesSequences

• Likewise, a linear time-shift of [ ] by 
integer-valued will result in a length-

 sequence [
 

+ ] no longer defined for

• Similarly, a convolution sum of two length- 

 
sequences defined for                      will 

result in a sequence of length               
defined for
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Operations on FiniteOperations on Finite--Length Length 
SequencesSequences

• Thus we need to define new type of time- 
reversal and time-shifting operations, and 
also new type of convolution operation for 
length-N sequences defined for                  
so that the resultant length-N sequences are 
also are in the range
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     [1 2 3 4]  --> [... 0 0 0 1 2 3 4 0 0 0 ...]
with a circular (i.e. periodic) extension of the sequence:
     [1 2 3 4]  -->  [... 1 2 3 4 1 2 3 4 1 2 3 4 ...]

3362
Highlight

gr
Highlight

gr
Highlight



Copyright © 2010, S. K. Mitra4

Modulo OperationModulo Operation

• The time-reversal operation on a finite- 
length sequence is obtained using the 
modulo operation

• Let                      be a set of 
 

positive 
integers and let 

 
be any integer

• The integer 
 

obtained by evaluating

is called the residue
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Modulo OperationModulo Operation

• The residue 
 

is an integer with a value 
between 0 and

• The modulo operation is denoted by the 
notation

• If we let                 then                             
where      is a positive or negative integer 
chosen to make              an integer between 
0 and 
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Modulo OperationModulo Operation

• Example – For 
 

= 7 and 
 

= 25, we have

Thus,

• Example – For 
 

= 7 and              , we get

Thus,
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Circular TimeCircular Time--Reversal OperationReversal Operation

• The circular time-reversal version { [ ]} of 
a length-

 
sequence { [ ]} defined for            

is given by

• Example – Consider 

Its circular time-reversed version is given 
by 
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Circular Shift of a SequenceCircular Shift of a Sequence

• The time shifting operation for a finite- 
length sequence, called circular shift 
operation, is defined using the modulo 
operation

• Let [ ] be a length-
 

sequence defined for

• Its circularly shifted version          , shifted  
by samples, is given by
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Circular Shift of a SequenceCircular Shift of a Sequence

• is also a length-N sequence defined 
for

• For            (right circular shift), the above 
equation implies
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Circular Shift of a SequenceCircular Shift of a Sequence

• Illustration of the concept of a circular shift
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Circular Shift of a SequenceCircular Shift of a Sequence

• As can be seen from the previous figure, a 
right circular shift by      is equivalent to a 
left circular shift by             sample periods

• A circular shift by an integer number         
greater than 

 
is equivalent to a circular 

shift by
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Circular ConvolutionCircular Convolution
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Circular ConvolutionCircular Convolution
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Circular ConvolutionCircular Convolution
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Circular ConvolutionCircular Convolution
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Circular ConvolutionCircular Convolution
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Circular ConvolutionCircular Convolution
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Circular ConvolutionCircular Convolution
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Circular ConvolutionCircular Convolution
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Circular ConvolutionCircular Convolution
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Circular ConvolutionCircular Convolution
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Circular ConvolutionCircular Convolution
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Circular ConvolutionCircular Convolution
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Circular ConvolutionCircular Convolution
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Circular ConvolutionCircular Convolution
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Circular ConvolutionCircular Convolution
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Circular ConvolutionCircular Convolution
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Circular ConvolutionCircular Convolution
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Circular ConvolutionCircular Convolution
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Linear Convolution Using the Linear Convolution Using the 
DFTDFT

• Linear convolution is a key operation in 
many signal processing applications

• Since a DFT can be efficiently implemented 
using FFT algorithms, it is of interest to 
develop methods for the implementation of 
linear convolution using the DFT
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Linear Convolution of Two Linear Convolution of Two 
FiniteFinite--Length SequencesLength Sequences

• Let g[n] and h[n] be two finite-length
sequences of length N and M, respectively

• Denote

• Define two length-L sequences

1MNL
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Linear Convolution of Two Linear Convolution of Two 
FiniteFinite--Length SequencesLength Sequences

• Then

• The corresponding implementation scheme 
is illustrated below

Zero-padding
with

zeros1N point DFT

Zero-padding
with

zeros1M

1MN
point DFT

g[n]

h[n]

Length-N

nge

nhe 1MN

1MN

point IDFT

nyL

Length-M Length- 1MN

* L ][][][][][][ nhngnynhngny eeCL
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Linear Convolution of a FiniteLinear Convolution of a Finite--
Length Sequence with an Length Sequence with an 
InfiniteInfinite--Length SequenceLength Sequence

• We next consider the DFT-based 
implementation of

where h[n] is a finite-length sequence of
length M and x[n] is an infinite length (or a 
finite length sequence of length much
greater than M)

nxnhnxhny
M 1

0
*
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OverlapOverlap--Add MethodAdd Method
• We first segment x[n], assumed to be a 

causal sequence here without any loss of 
generality, into a set of contiguous finite-
length subsequences           of length N each:

where

nxm

0m
m mNnxnx

otherwise0
10 NnmNnxnxm
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OverlapOverlap--Add MethodAdd Method

• Thus we can write

where

• Since h[n] is of length M and           is of
length N, the linear convolution                    
is of length

nxm
nxnh m*

nxnhny mm *

0m
m mNnynxnhny *

1MN
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OverlapOverlap--Add MethodAdd Method
• As a result, the desired linear convolution   

has been broken up into a 
sum of infinite number of short-length 
linear convolutions of length                  
each:

• Each of these short convolutions can be 
implemented using the DFT-based method 
discussed earlier, where now the DFTs (and 
the IDFT) are computed on the basis of     

points

*

1MN

1MN

][][][ nhnxny mm *

nxnhny
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OverlapOverlap--Add MethodAdd Method

• There is one more subtlety to take care of 
before we can implement

using the DFT-based approach

• Now the first convolution in the above sum, 
, is of length              

and is defined for

0m
m mNnyny

1MN
20 MNn

][][][ 00 nxnhny *
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OverlapOverlap--Add MethodAdd Method
• The second short convolution 

,  is also of length                      
but is defined for

• There is an overlap of           samples 
between these two short linear convolutions

• Likewise, the third short convolution 
, is also of length

but is defined for

1MN
22 MNnN

1M

nxnh 2*

nxnh 1*

][2 ny

][1 ny

1MN
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OverlapOverlap--Add MethodAdd Method

• Thus there is an overlap of            samples 
between                   and

• In general, there will be an overlap of         
samples between the samples of the short 
convolutions                       and                   
for

• This process is illustrated in the figure on 
the next slide for M = 5 and N = 7

nxnh r 1* nxnh r*

1M

1M

nxnh 1* nxnh 2*

MrNnNr )(
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OverlapOverlap--Add MethodAdd Method
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OverlapOverlap--Add MethodAdd Method
Add

Add
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OverlapOverlap--Add MethodAdd Method
• Therefore, y[n] obtained by a linear

convolution of x[n] and h[n] is given by
nyny 0

710 nynyny
71 nyny

147 21 nynyny
142 nyny

60 n
107 n
1311 n
1714 n
2018 n
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OverlapOverlap--Add MethodAdd Method

• The above procedure is called the overlap-
add method since the results of the short 
linear convolutions overlap and the 
overlapped portions are added to get the 
correct final result

• The function can be used to 
implement the above method
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