
Fourier transform fundamentals

1-D case:

Three parameters for the 
sinusoidal functions:
- Frequency
- Amplitude
- Phase

Zero-frequency sine:
DC value

Copyright notice:  Most 
images in this package are
© Gonzalez and Woods, Digital 
Image Processing, Prentice-Hall




+

−
−== dxuxjxfuFxf ]2exp[)()()}({ 

Let f(x) be a continuous (and aperiodic) function of a real variable x. 
Its Fourier transform (CTFT) is

It is a complex function of the real variable u:
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The inverse Fourier transform is given by
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For a discrete (sampled) finite-length sequence, when x takes
integer values e.g. in the range [0,N-1], the Discrete Fourier 
Transform (DFT) is

It is a complex function of the discrete variable u = 0, 1, 2, … N-1.  
Periodic repetition of the input sequence is implied.

The Inverse Discrete Fourier Transform (IDFT) is
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E.g.:
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If f(x,y) is a continuous function of two real variables x,y, the Fourier pair is

In the discrete, finite-size (implicitly periodic) case, the 2-D DFT is:
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We define the
- Fourier spectrum, 
- phase angle, 
- power spectrum
as functions of the 
spatial frequencies
u and v:

DC component (image average): 
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Symmetry: if f is real, F is conjugate symmetric → the spectrum is symmetric:
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It is common practice to multiply f(x,y) by (-1)^(x+y), which
moves the origin of the Fourier transform at u=M/2, v=N/2:

(see later, Fourier transform properties)
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Fourier transform fundamentals

Note: whatever 
the position of 
the white 
rectangle, the 
magnitude of 
the transform 
does not 
change
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Separability:
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Fourier transform fundamentals

Let P = sqrt(MN)
Separability permits an 

O(P4) → O(P3)

computational saving



The 1-D DFT matrix is defined as:

AN =

with

Its inverse is:  AN
-1= AN

*T

Then, the matrices for the row and column 1-D transforms are

Arow = AM and   Acol = AN

and the direct and inverse 2-D DFT can be calculated as

  F = Arow f Acol 

f = Arow
-1 F Acol

-1 /(MN)

[Pratt p.202, Gonzalez3 p.96]

Matrix formulation



Define the 2-D impulse, unit step, complex exponential:
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u=.4*pi;  v=.1*pi;

[x,y] = meshgrid([0:.1:10],[0:.1:10]);

(note step=0.1: signals are oversampled)

Real: Imag:
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Indeed (1-D case, infinite-length sequences, DTFT):

Fourier transform fundamentals



Thus, we can perform the convolution as a product in the 

Fourier domain, and then take the inverse transform.

Note:

for finite-length sequences the product of the DFTs is used, 

which is equivalent to circular convolution. Zero padding is

required to make it equivalent to linear convolution.

Indeed, the Fourier transform assumes that the f and h

functions are periodic, with period equal to their length. This

should be taken into account, otherwise a wrong result is

obtained. The error source is visible even in the data domain:

Fourier transform fundamentals
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Solution: zero padding
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An example

Fourier transform fundamentals

Impulse response of an ideal lowpass
filter, truncated to same size as the 
input image (NxN), zero-padded up 
to size (2N-1)x(2N-1)

If padding is not performed, periodic-repetition artifacts
affect the output image (see Matlab examples)

gr
Highlight



When dealing with real images, f=f* : correlation coincides with 

convolution (apart from the + sign in the shifted data: no 

mirroring of the h function).

Correlation can be performed in the Fourier domain, after

suitable zero padding.

Correlation in the transform domain



Correlation

application: 

template matching

Correlation in the transform domain



Summary of properties

Fourier transform fundamentals
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Note:

fast 2-D DCT computation is feasible, e.g. based on separability and FFT

With respect to the DFT:

• The transform is real. No symmetries.

• Reduced artifacts from periodic repetition.

• Similar energy compaction performance (ok for highly correlated data).

• Easily quantized to perform compression.

(See Matlab for coeff. ablation example)

2-D Discrete Cosine Transform
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- (Perform zero-padding)

- Multiply f(x,y) by (-1)^(x+y)

- Take g = Real 
part of the inverse 
transform

- Multiply g(x,y) by 
(-1)^(x+y)

- (Crop the image)

Enhancement in the Frequency Domain



Enhancement in the Frequency Domain

Note: Real freq. responses
are shown in the next slides, but
in general H(u,v) is complex:

→ |H(u,v)|



Enhancement in the Frequency Domain

Output image not shifted



i.e.: unsharp masking

Enhancement in the Frequency Domain



If the filter has a (real) Gaussian shape in the 

frequency domain, its coefficients in the data 

domain are real and have a Gaussian shape too:

)2exp(2)()2/exp()( 22222 xAxhuAuH  −=−=


When  is large (wide passband in the 

frequency domain), the coefficients profile

is narrow, and viceversa.

Typical 3x3 lowpass filter masks in the 

data domain can be considered very rough

approximations of a Gaussian shape.

Enhancement in the Frequency Domain
Gaussian lowpass filter



( )

2121

22

2

2

22

22

1

2

11

2

2

2

2

2

1

2

1

;

)2exp()2exp(2)(

)2/exp()2/exp()(









−−−=

−−−=

AA

xAxAxh

uAuAuH

Enhancement in the Frequency Domain
Difference-of-Gaussians (DoG) filter

(A1=A2 to obtain a purely highpass response)

approximations

for very small 



cutoff
frequency

It is a sinc function in the coefficients domain  → ringing

Enhancement in the Frequency Domain
Ideal lowpass filter

Or, better:

|H(D(u,v))|

D = sqrt(u2+v2)

 = M/2

   = N/2



Enhancement in the Frequency Domain
Ideal lowpass filter



Enhancement in the Frequency Domain
Ideal lowpass filter



Enhancement in the Frequency Domain
Ideal lowpass filter
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Enhancement in the Frequency Domain
Ideal lowpass filter



nDvuD
vuH

2

0 )/),((1

1
),(

+
=

n:  filter order

D(u,v): Euclidean distance from center 
of transform

D0:  cutoff frequency (  |H(D0)|=0.5  )

Enhancement in the Frequency Domain
Butterworth lowpass filter



Enhancement in the Frequency Domain
Butterworth lowpass filter



Fig.4.15 (a) original; 
(b-d) Butterworth
filter of order 2, cutoff
freqs. 5, 15, 30.

Enhancement in the Frequency Domain
Butterworth lowpass filter
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D(u,v): Euclidean distance from 

center of transform

D0:  cutoff frequency ( in slide 33)        

H(D0)=0.607

0.607

Enhancement in the Frequency Domain
Gaussian lowpass filter



Fig.4.18 (a) original; 
(b-d) Gaussian filter 
with cutoff freqs. 5, 15, 
30.

Enhancement in the Frequency Domain
Gaussian lowpass filter



Enhancement in the Frequency Domain
Gaussian lowpass filter



National Oceanic and Athmospheric Administration

Enhancement in the Frequency Domain
Gaussian lowpass filter



In general, Hhp = 1 - Hlp
(for unitary-gain Hlp)

 2

0

2 2/),(exp1),( DvuDvuH −−=

nvuDD
vuH

2

0 )),(/(1

1
),(

+
=



 

=
elsewhere

DvuDif
vuH

0

),(1
),(

0

Enhancement in the Frequency Domain
Highpass filters



Enhancement in the Frequency Domain
Highpass filters

Note: 
images 
here and 
in the 
following
slides
have not
been
shifted
by 128 
levels



Enhancement in the Frequency Domain
Ideal highpass filter



Enhancement in the Frequency Domain
Butterworth highpass filter



Enhancement in the Frequency Domain
Gaussian highpass filter
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Thus, a Laplacian filter in the Fourier domain is described as:

Or, when shifted:

)(),( 22 vuvuH +−=

))2/()2/((),( 22 NvMuvuH −+−−=

Enhancement in the Frequency Domain
Laplacian filter



(value at the top of the dome is zero)

Enhancement in the Frequency Domain
Laplacian filter



Enhancement in the Frequency Domain
Laplacian filter
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Unsharp masking

)(1),( 22 vuvuH ++=

(Beware of highpass
filter amplification)

Enhancement in the Frequency Domain
Using the Laplacian filter

Or, equivalently:



High-boost:

),(),(),( 2 yxfyxAfyxg −=

)(),( 22 vuAvuH ++=

(with A>1)

Enhancement in the Frequency Domain
Using the Laplacian filter



Unsharp masking
followed by histogram
equalization

Enhancement in the Frequency Domain
Using the Laplacian filter



We restrict ourselves to FIR filters with real coefficients and zero (or 

linear) phase. Nonlinear-phase filters distort the image: different
frequency components that make up edges and details lose proper
registration.

Zero phase implies symmetry wrt the origin for the coefficients:

Additional symmetries may be expedient to obtain more isotropic
responses:
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Independent coefficients for 
twofold (origin), fourfold, 
eightfold symmetries are:

e.g. 5x5 case:

[J.S. Lim]

Design of linear filters
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Data-domain coefficients of 2-D FIR filters can be determined by 

extending methods known for the 1-D case:

Windowing

• The desired frequency response Hd(u,v) is assumed known; 

• by IDFT/IDTFT the desired impulse response hd(x,y) is determined, 

which may have large or infinite extent; 

• hd(x,y) is weighted and cropped via multiplication by a suitable

window function: h(x,y)=hd(x,y)w(x,y).  

• In the Fourier domain one obtains: H(u,v)=conv[Hd(u,v),W(u,v)].

The window is derived from a 1-D window (rectangular, Hamming, 

Kaiser,…) via a separable approach (square window) or by rotation.

00000000000
00000x00000
0000x1x0000
000x111x000
00x11111x00
000x111x000
0000x1x0000
00000x00000
00000000000

Frequency sampling

Hd is sampled at equally spaced points on the 

Cartesian grid, and an IDFT is performed. It is 

expedient to avoid sharp changes in Hd: define a 

transition region to do this.             E.g., for a lowpass:

Design of linear filters



A 2-D function h(x,y) is said to be separable if h1, h2 exist such that

h(x,y)=h1(x)h2(y)

e.g., the impulse and unit step functions are separable

In general, a 2-D function is NOT separable; note indeed that an NxM
nonseparable function has NxM degrees of freedom, N+M if separable.

Separable filters permit a convenient implementation of the 2-D 
convolution:

i.e., one can perform a sequence of two 1-D convolutions, first by 
image rows (columns) then by columns (rows)


−=−=−=−=

−−=−−=
2/

2/

2

2/

2/

1

2/

2/

2/

2/

)(),()(),(),(),(
M

Mt

N

Ns

M

Mt

N

Ns

thtysxfshtysxftshyxg

Design of linear filters



The simplest way to design a 2-D filter is to start from a 
suitable pair of 1-D filters and realize a separable 2-D filter.

Example: 11x11 anisotropic bandpass filters for MMSE demosaicking:

Other examples of anisotropic and semi-isotropic filters (Matlab)…

If max. isotropy is desired →

Design of linear filters

zz07_Demosaicking



McClellan transformation

Suppose we have a zero-phase, symmetrical 1-D FIR filter, whose
frequency response is expressed as:

The Chebyshev polynomials of the first kind, Tn, are used above. 

They are defined as , and can be built iteratively:
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Determine a mapping for the frequency domain such that:

The function G maps each frequency into a 2-D contour. McClellan chose
the mapping:

with
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The resulting
mapping shows 
good circular
symmetry, 
especially in the 
low-frequency
region

[mcclellan.m]
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Design of linear filters



We shall not deal with the design of IIR 2-D filters:

the fundamental theorem of algebra does not extend to 2-D!

→ It is not possible in general to factorize a 2-D polynomial

→ The pole-zero stability analysis cannot be performed

→ Simple cascade realizations of low-order sections cannot be  
obtained

Theorems exist however to determine the stability of an IIR filter, 
based on its 2-D z-transform

It is also possible to constrain the design to filters having separable
denominator. These however constitute a very restricted class

Design of linear filters
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Enhancement in the Frequency Domain
Nonlinear filters: alpha rooting

(m,n) .



Smaller transform coefficients (= tipically, 
higher frequencies) are less attenuated.

-- Note: the signal power is reduced. It may
be recovered via a suitable scaling; e.g.:

-- The actual scaling factor depends on the 
input image content

-- The output image is darker than the 
original, since the most strongly attenuated
component is the largest: the dc one. 

-- The output range may include negative
values, which must be taken care of

x = 0:1:255;
for alpha=.5:.1:1;

y = x .^ alpha;
plot(x,y); hold on; grid on;

end;

Enhancement in the Frequency Domain
Nonlinear filters: alpha rooting



Enhancement in the Frequency Domain
Nonlinear filters: alpha rooting



A precursor of the Retinex filter, in the transform domain

Image formation model based on illumination and reflectance:

)ln()ln()ln(),(),(),( rifyxryxiyxf +=→=

Illumination and reflectance can be separated in the log domain;

the former is
supposed to vary
smoothly and is
attenuated, the 
latter is supposed
to vary sharply and 
is amplified

(gL<1<gH)

Enhancement in the Frequency Domain
Nonlinear filters: Homomorphic filter



Enhancement in the Frequency Domain
Nonlinear filters: Homomorphic filter
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